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VB-groupoids
©00

E—M s Fr.(E.) — M

vector bundle of rank k principal GL(k)-bundle
PIV]:=(PxV)/G—= M P—M

vector bundle of rank Nasases principal G-bundle,
dim(V) V € Rep(C)

Vector bundles over M of principal bundles over M with
rank k structural Lie group GL(k)

What about replacing M with a Lie groupoid § = M?
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VB-groupoid (Pradines, 1988) = vector bundle object in the category of
Lie groupoids = Lie groupoid object in the category of vector bundles
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VB-groupoids
000

VB-groupoid (Pradines, 1988) = vector bundle object in the category of
Lie groupoids = Lie groupoid object in the category of vector bundles

3

Eg S
AE t]|s
e
Ey —— s M
core C := ker(8) Nker(mg) C Eg
rank (/, k ( ,rank(Ep — M))
(so that rank(E )=1+k)
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Example (tangent VB-groupoid)
TS ———§
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rank = ( ,dim(M))
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Example (tangent VB-groupoid) § Example (cotangent VB-groupoid)
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rank = ( ,dim(M))
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Example (tangent VB-groupoid) § Example (cotangent VB-groupoid)
TS S S

\ﬂg T*g\ :
dt| |ds t)|s | |3 TM t||s
/ y m
™ —" M M
rank = ( ,dim(M)) rank = (dim(M), )

Remark (duality between VB-groupoids)

Eg = Ejy VB-groupoid of rank (/, k) with core
= E;g = C VB-groupoid of rank (k, /) with core £,
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Frames of a VB-groupoid
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Idea: Isolate the frames of Eq — G which are compatible with the
groupoid structure of Eg =2 Epy
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Frames of a VB-groupoid
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groupoid structure of Eq = Epy

Definition (C. - Garmendia '24)

A frame ¢, : R’*k (Eg)g is adapted to Eg = Em |f

s
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Frames of a VB-groupoid
°0

Idea: Isolate the frames of Eq — G which are compatible with the
groupoid structure of Eq = Epy

Definition (C. - Garmendia '24)

A frame ¢ : RITK = (Eg)g is adapted to Eg = Em |f
R* = ;
s(0e)®
¢g|{o}xn{\ /
(Es)e

Proposition (C. - Garmendia '24)
Frad(Eg) = Fr(C) x Fr(Em) is a Lie groupoid.

> Ci(g)

t(¢g)c
¢g|1{/xk / g =)

I\/I s(g
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Frames of a VB-groupoid
oe

Proposition (C. - Garmendia '24)

There is a natural action of strict Lie 2-groupoid
GLo(/, k) = GL1(/, k) =2 GLo(/, k) on the Lie groupoid
Frod(Eg) = Fr(C) xum Fr(Em)

T
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(strict) Lie 2-groupoid = double Lie groupoid over the unit groupoid
Ho Hy

g‘fo:;j{o

—
—
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PB-groupoids
®00

(strict) Lie 2-groupoid = double Lie groupoid over the unit groupoid
Ho Hy
Ho Ho

—
—

—
—

Example (General linear 2-groupoid of rank (/, k))
o Glo(/, k) = Hom(R/!, R¥)
o GLy(/, k) = Hom(R', R¥) x GL(/) x GL(k)
o GLy(/, k) € Hom(R/,R¥) x GL(/ + k)
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PB-groupoids
®00

(strict) Lie 2-groupoid = double Lie groupoid over the unit groupoid
g’fg :; j‘fl
Ho Ho

—
—

Example (General linear 2-groupoid of rank (/, k))

o GLo(/, k) = Hom(R/, RK)

o GLi(/, k) = Hom(R!, R¥) x GL(/) x GL(k)

o GLy(/, k) € Hom(R/,R¥) x GL(/ + k)
It is a particular case, for E = (R/, R¥) — {x}, of the general linear
2-groupoid GL(E) (del Hoyo and Stefani, 2019) and the 2-gauge groupoid
2-Gau(E) (Brahic and Ortiz, 2019) introduced to study 2-term RUTHs )
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VB-groupoids Frames of a VB-groupoid PB-groupoids

[e] e}

Definition (C. - Garmendia '24)

PB-groupoid = diagram of Lie groupoids and principal bundles, with an
action of a strict Lie 2-groupoid

~ Mg
g‘(z Pg — 9
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VB-groupoids Frames of a VB-groupoid PB-groupoids

[e] e}

Definition (C. - Garmendia '24)

PB-groupoid = diagram of Lie groupoids and principal bundles, with an
action of a strict Lie 2-groupoid

i
I

such that the action maps defines a Lie groupoid morphism
Pg X 3o j’fz = Pg over PM X3, Hi — PM
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Frames of a VB-groupoid PB-groupoids

[e] e}

Definition (C. - Garmendia '24)

PB-groupoid = diagram of Lie groupoids and principal bundles, with an
action of a strict Lie 2-groupoid

i
I

such that the action maps defines a Lie groupoid morphism
Pg xg¢, Ho — Pg over Py X3¢, H1 — Py, and the Lie groupoids
Pg/H> = Pp/Hi and § = M are isomorphic
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PB-groupoids

[ele] ]

Proposition (C. - Garmendia '24)

Es = Ey
VB-groupoid over § = M
of rank (I, k)
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PB-groupoids
[elel)

Proposition (C. - Garmendia '24)

Es =3 Eny Fred(Eg) = Fr(C) xm Fr(En)

Vist el ovar © = W BV PB-groupoid over § = M

of rank (I, k) with structural Lie 2-groupoid
’ GL(/, k)
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PB-groupoids

[ele] ]

Proposition (C. - Garmendia '24)

Fred(Eg) = Fr(C) x p Fr(Ew)

Es = Ey .
VB-groupoid over § = M Sy P.B—group o over 3= M .
ot (0 ) with structural Lie 2-groupoid
’ GL(/, k)
Ps = Py

PB-groupoid over G = M
with structural Lie 2-groupoid

Ei — Ey — X 2-anchored
representation of
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PB-groupoids

[ele] ]

Proposition (C. - Garmendia '24)
Frad(Eg) = Fr(C) xmFr(Em)
PB-groupoid over G = M
with structural Lie 2-groupoid
GL(/, k)

Ps = Pum

PB-groupoid over G = M
with structural Lie 2-groupoid

Es = Ey
VB-groupoid over § = M Sy
of rank (I, k)

(Pg x (E1 xx Ep))/H> =

(Pm x E1)/

VB-groupoid over § = M S
of rank

(rank(Ey), rank(Ep)) E1 — Eo — X 2-anchored

representation of
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VB-groupoids Frames of a VB-groupoid PB-groupoids

[ele] ]

Proposition (C. - Garmendia '24)
Frad(Eg) = Fr(C) xmFr(Em)
PB-groupoid over G = M
with structural Lie 2-groupoid
GL(/, k)

Ps = Pum

PB-groupoid over G = M
with structural Lie 2-groupoid

Es = Ey
VB-groupoid over § = M Sy
of rank (I, k)

(Pg x (E1 xx Ep))/H> =

(Pm x E1)/

VB-groupoid over § = M Dostees
of rank

(rank(Ey), rank(Ep)) E; — Ey — X 2-anchored

representation of

Corollary

PB-groupoids over G = M
— with structural Lie 2-groupoid
GL(/, k)

VB-groupoids over § = M of
rank (1, k)

v
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